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Dipole-dipole interaction of Josephson diamagnetic moments
Sergei A. Sergeenkov
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141980 Dubna, Moscow region, Russia
The role of dipole-dipole interaction between Josephson diamagnetic moments is considered
within a model system of two clusters (each cluster contains three weakly connected superconducting
grains). The sign of the resulting critical current is shown to depend on the orientation between
clusters, allowing for both 0 and pi type junctions behavior. The possibility of the experimental
verification of the model predictions is discussed.
PACS numbers: 74.50.+r, 75.80Bj
A weak-link structure (both intrinsic and extrinsic)
of high-Tc superconductors (HTS) is known to play a
rather crucial role in understanding many unusual and
anomalous physical phenomena in these materials (see,
e.g., [1-7]). In particular, the ”fishtail” anomaly of mag-
netization in oxygen-deficient crystals is argued [4-7] to
originate from intrinsic (atomic scale) weak links, while
the spontaneous orbital magnetic moments induced by
grain boundary weak links with the so-called ”π junc-
tions” (see, e.g., [8]) is believed to be responsible for the
”paramagnetic Meissner effect” [9,10] in granular super-
conductors. Furthermore, to probe into the symmetry of
the pairing mechanism in HTS, the Josephson interfer-
ence experiments based on the assumption that π junc-
tions are created between s-wave and d-wave supercon-
ductors [11] or between different grains of the d-wave su-
perconductor itself [12] have been conducted (see, e.g.,
[13] for discussion and further references therein).
In the present paper, we would like to draw a partic-
ular attention to the importance of the dipole-dipole in-
teraction between the above-mentioned orbital magnetic
moments. Due to the vector character of this interac-
tion, the sign of the resulting Josephson critical current
will depend on the orientation between these diamagnetic
moments, giving rise to either 0 or π type junction be-
havior. It is shown that for large enough grains and/or
small enough distance between clusters, the dipole energy
between clusters may overcome the direct Josephson cou-
pling between grains within a single cluster, allowing for
manifestation of long-range correlation effects in granular
superconductors.
Let us consider a system of two identical clusters of su-
perconducting grains. Each cluster contains three weakly
connected grains (which is a minimal number needed to
create a current loop and the corresponding non-zero dia-
magnetic moment ~µ, see below). Between adjacent grains
in each cluster, there is a Josephson-like coupling with the
energy Jij = Jji. The dipole-dipole interaction between
these two clusters can be presented in the form
Hdip =
∑
αβ
Vαβ(~R)µ
αµβ , (1)
where
Vαβ(~R) =
µ0
R3
(
δαβ −
RαRβ
R2
)
(2)
and
µα =
2e
h¯
3∑
i=1
Ji,i+1σ
α
i,i+1 sinφi,i+1. (3)
Here, R is the distance between clusters, ~σij = ~ri × ~rj
is the (oriented) projected area for each cluster, φij =
φi − φj is the phase difference between adjacent grains,
and µ0 = 4π × 10
−7H/m. Hereafter, {α, β} = x, y, z;
and {i, j} = 1, 2, 3.
In view of the obvious constraint, φ12 + φ23 + φ31 =
0, our consideration can be substantially simplified by
introducing a ”collective variable” φ, namely
φ12 = −φ31 ≡ φ, φ23 = 0 (4)
As a result, the dipole-dipole interaction energy takes on
a simple form
Hdip = D sin
2 φ, (5)
where
D =
(
2e
h¯
)2∑
αβ
Vαβ(~R) (Jσ)
α
(Jσ)
β
, (6)
with
(Jσ)α ≡ J12σ
α
12 + J13σ
α
13. (7)
To estimate the significance of the above-considered
dipole-dipole energy, we have to compare it with the
Josephson coupling energy between grains within a single
1
cluster. The latter contribution for three adjacent grains
(forming a cluster and allowing for a non-zero current
loop) gives
HJ = −
3∑
i=1
Ji,i+1 cosφi,i+1, (8)
or equivalently, in terms of the ”collective variables” (see
Eq.(4))
HJ = −J23 − (J12 + J13) cosφ. (9)
Thus, the resulting Josephson current in our sys-
tem of the two coupled clusters, defined as I(φ) =
(2e/h¯)(∂Htot/∂φ) with the total energy Htot = 2HJ +
Hdip (notice that there is no direct Josephson interaction
between clusters, they are coupled only via the dipole-
dipole interaction) reads
I(φ) = 2IcJ sinφ+ I
c
D sin 2φ, (10)
where
IcJ =
2e
h¯
(J12 + J13), (11)
and
IcD =
2e
h¯
D. (12)
It is interesting to mention that a similar to Eq.(10)
form of the ”nonsinusoidal” current-phase relationship
has been recently discussed by Yip [13] who investigated
the Josephson coupling involving unconventional super-
conductors beyond the tunnel-junction limit.
Let us find out now when dipole-dipole interaction
between two clusters may become comparable with (or
even exceed) the direct Josephson coupling between
grains within the same cluster. In view of Eq.(10), this
will happen when D becomes equal to (or larger than)
2(J12 + J13) ≈ 4J which in turn is possible either for
small enough distance between clusters R or for large
enough grain size rg ≈
√
σ/π. Taking J/kB ≈ 90K
for the maximum (zero-temperature) Josephson energy
in Y BCO materials, and assuming (roughly) R ≈ rg,
we get rg ≈ 10µm for the minimal grain size needed to
observe the effects due to the dipole-dipole interaction
between diamagnetic moments in granular HTS.
There is however another possibility to observe these
effects which does not require the above-mentioned re-
strictions (small R and/or large rg). Indeed, in view of
Eq.(11), when grains 1 and 2 form a 0 junction (with
J12 = J) and at the same time grains 1 and 3 produce a
π junction (with J13 = −J) within the same cluster, the
direct Josephson contributions cancel each other so that
IcJ ≡ 0, and the resulting critical current is completely
defined by its dipole part only, which in this case reads
IcD =
(
2e
h¯
)3
J2
∑
αβ
Vαβ(~R)∆σ
α∆σβ ,
with ∆σα ≡ σα12−σ
α
13. Moreover, due to the orientational
nature of the dipole-dipole interaction, the induced crit-
ical current IcD may exhibit properties of either 0 or π
junctions, depending on the sign of the interaction po-
tential Vαβ(~R). In particular, as is seen from Eq.(2), the
non-diagonal part of Vαβ(~R) is responsible for creation of
π type junctions with IcD < 0. It would be very interest-
ing to try to observe the predicted behavior experimen-
tally, using perhaps some artificially prepared systems of
superconducting grains.
In summary, a system of two clusters (of weakly con-
nected superconducting grains) coupled via dipole-dipole
interaction between their diamagnetic moments was con-
sidered. For large enough grains (or small enough dis-
tance between clusters), the dipole energy between clus-
ters was found to compare with the direct Josephson cou-
pling between grains within a single cluster. The sign
of the critical current, related to the dipole energy, was
shown to depend on the mutual orientation of the clus-
ters, varying from 0 to π type junction behavior.
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